Gravitational Wave Decay into Dark Energy by Creminelli, Paolo et al.
Gravitational Wave Decay into Dark Energy
Paolo Creminellia, Matthew Lewandowskib, Giovanni Tambaloc,d, Filippo Vernizzib
a ICTP, International Centre for Theoretical Physics
Strada Costiera 11, 34151, Trieste, Italy
b Institut de physique the´orique, Universite´ Paris Saclay, CEA, CNRS
91191 Gif-sur-Yvette, France
c SISSA, via Bonomea 265, 34136, Trieste, Italy
d INFN, National Institute for Nuclear Physics
Via Valerio 2, 34127 Trieste, Italy
Abstract
We study the decay of gravitational waves into dark energy fluctuations pi, through the
processes γ → pipi and γ → γpi, made possible by the spontaneous breaking of Lorentz
invariance. Within the EFT of Dark Energy (or Horndeski/beyond Horndeski theories)
the first process is large for the operator 12m˜
2
4(t) δg
00
(
(3)R+ δKνµδK
µ
ν − δK2
)
, so that the
recent observations force m˜4 = 0 (or equivalently αH = 0). This constraint, together
with the requirement that gravitational waves travel at the speed of light, rules out all
quartic and quintic GLPV theories. Additionally, we study how the same couplings affect
the propagation of gravitons at loop order. The operator proportional to m˜24 generates a
calculable, non-Lorentz invariant higher-derivative correction to the graviton propagation.
The modification of the dispersion relation provides a bound on m˜24 comparable to the
one of the decay. Conversely, operators up to cubic Horndeski do not generate sizeable
higher-derivative corrections.
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1 Introduction
The observation of the gravitational wave event GW170817 [1] and its electromagnetic counterpart
[2] started the detailed study of the propagation of gravitational waves (GWs). At variance with a
cosmological constant—the simplest explanation of the present acceleration—models of Dark Energy
(and Modified Gravity) act as a sort of “medium”, through which GWs travel. In the same way one
uses the propagation of electromagnetic waves to study a material, GWs propagating through Dark
Energy (DE) can be used to test these theories. Like a normal material, DE defines a preferred frame
and thus spontaneously breaks Lorentz invariance. This implies that in general the speed of GWs
may be different from the speed of light [3, 4]. The recent observations put severe bounds on this
possibility and therefore strong constraints on some DE models [5, 6, 7, 8]. See also [9]—and references
therein—for a review.
In this paper we want to study another phenomenon that is possible due to the breaking of
Lorentz invariance: the decay of gravitational waves into DE fluctuations. In a Lorentz invariant
theory, a massless particle can only decay into two or more massless particles with all momenta
exactly aligned. Measurable quantities must be summed over these collinear emissions to get rid of
spurious IR divergences [10, 11]. Once Lorentz invariance is broken, the excitations of DE will in
general move at a speed different from the one of gravitons and the decay is allowed. For other works
studying the damping of gravitational waves see e.g. [12, 13, 14, 15, 16, 17].
We will study the decay of gravitons in the framework of the Effective Field Theory (EFT) of Dark
Energy [18, 19, 20, 21, 22]. We review the formalism in Sec. 2 and specify it to the subset of theories
with GWs travelling at the speed of light, since the others are not compatible with the recent data
(assuming that the regime of validity of the EFT of DE encompasses the LIGO/Virgo scales [23]). The
connections with the covariant formalism, i.e. to Horndeski and beyond Horndeski theories is treated
in App. A. In App. B we discuss the invariance of the results under a disformal transformation.
In Sec. 3 we derive the cubic coupling γpipi (where pi describes the DE fluctuations) and compute
the decay rate of the process γ → pipi. It turns out to be very large and thus incompatible with
observations, for a particular operator of the EFT of DE: 12m˜
2
4(t) δg
00
(
(3)R+ δKνµδK
µ
ν − δK2
)
. This
conclusion holds if m˜4 is large enough to play any role in modifying gravity and potentially affecting
large-scale structure measurements. In the framework of Gleyzes-Langlois-Piazza-Vernizzi (GLPV)
theories [24, 25], setting m˜4 = 0 (or equivalently αH = 0, where αH is defined in eq. (47)) and
requiring GWs to travel at the speed of light corresponds in the covariant language to restricting to
Horndeski up to the cubic Lagrangian (in particular no beyond Horndeski terms survive). In the main
text the calculations are done in Newtonian gauge, while in App. C they are done in the spatially flat
gauge. We relegate to App. D the derivation of the coupling γγpi and the computation of the decay
rate of γ → γpi, since this turns out to be subdominant.
The coupling γpipi can be used to make a loop with external γ legs: in other words, as we study
in Section 4, at one-loop the graviton propagator is corrected. The calculable, i.e. log-divergent,
corrections give a sizeable dispersion of gravitational waves: a higher-dimension operator that is
quadratic in the graviton and violates Lorentz-invariance is generated. Also this effect can be used
to rule out the operator proportional to m˜4. We study in general the radiative generation of higher
dimension operators that can correct the graviton propagation. This allows one to rule out the
operator m˜4 even when the speed of pi is larger or equal to the speed of GWs and the decay γ → pipi
2
is impossible. The remaining theories, corresponding to Horndeski up to cubic order, do not generate
sizeable higher derivative corrections. Conclusions and future directions are discussed in Section 5.
2 EFT of Dark Energy
In this section we briefly introduce the EFT of DE and discuss the quadratic action of scalar and
tensor perturbations.
2.1 The EFT action
To parametrize the interactions between gravitons and DE fluctuations we adopt the EFT description
[18, 19, 20, 21, 22]. This is particularly convenient to study fluctuations around cosmological FRW
solutions with a preferred slicing induced by the time-dependent background scalar field.
In the usual unitary gauge, where time coincides with uniform-field hypersurfaces, the EFT action
expanded around a flat FRW background, ds2 = −dt2 + a2(t)dx2, reads [5, 26]
S =
∫
d4x
√−g
[
M2∗
2
f(t) (4)R− Λ(t)− c(t)g00 + m
4
2(t)
2
(δg00)2 − m
3
3(t)
2
δKδg00 −m24(t)δK2
+
m˜24(t)
2
δg00 (3)R− m
2
5(t)
2
δg00δK2 − m6(t)
3
δK3 − m˜6(t)δg00δG2 − m7(t)
3
δg00δK3
]
,
(1)
with
δK2 ≡ δK2 − δKνµδKµν , δG2 ≡ δKνµ (3)Rµν − δK (3)R/2 ,
δK3 ≡ δK3 − 3δKδKνµδKµν + 2δKνµδKµρ δKρν .
(2)
In the above action, (4)R is the 4d Ricci scalar, δg00 denotes the perturbation of g00 around the
background solution, δg00 ≡ 1 + g00, δKνµ ≡ Kνµ −Hδνµ is the perturbation of the extrinsic curvature
of the equal-time hypersurfaces, with H ≡ a˙/a being the Hubble rate, δK its trace, and (3)R is the
3d Ricci scalar of these hypersurfaces. For notational convenience, we have defined the quantities in
eq. (2), where (3)Rνµ is the 3d Ricci tensor of the time hypersurfaces. While M
2∗ is a constant, the
other parameters are slowly-varying time-dependent functions. To have sizable effects for structure
formation, one typically considers m42 ∼M2PlH20 , m33 ∼M2PlH0, m24 ∼ m˜24 ∼ m25 ∼M2Pl and m6 ∼ m˜6 ∼
m7 ∼M2PlH−10 , where MPl is the Planck mass. Notice also that positive powers of the mass-dimension
quantities mi and m˜i can have either sign.
This action governs the cosmological evolution in Horndeski [27, 28] (obtained for m˜24 = m
2
4 and
m˜6 = m6) and GLPV theories. The first three operators are sufficient to describe the background
evolution, while the following four describe linear perturbations. The other terms describe non-
linearities; for simplicity we have written only those that contribute to the leading number of spatial
derivatives: these operators dominate the nonlinear regime of structure formation and the Vainshtein
regime (see e.g. [29, 30, 31, 32] for details). The relation between the EFT parameters and the
Horndeski and beyond Horndeski functions is given in App. A.
To be compatible with the constraints from the GW170817 event [33], in the following we will
assume that gravitational waves propagate at the speed of light, cT = 1. Since in a generic theory the
speed of tensors computed around the cosmological background is [22]
c2T = 1−
2m24
M2∗ f + 2m24
, (3)
in the “frame” where photons and gravitons propagate on the light-cone the action simplifies as one
has
m24 = 0 . (4)
3
A further simplification comes from requiring that this speed is stable to small changes of the back-
ground. As discussed in [5], this implies
m˜24 = m
2
5 , m6 = m˜6 = m7 = 0 . (5)
Finally, f can be set to be constant by a conformal transformation of the metric, which do not change
the speeds of propagation. In general, the conformal transformation changes the couplings between
matter and the DE field but the interactions between gravitons and DE do not depend on these
matter couplings. Therefore, there is no loss of generality in choosing this frame. We will discuss the
constraints in a more generic frame in App. B.
With the above assumptions and this last simplification, the unitary-gauge action becomes
S =
∫
d4x
√−g
[
M2Pl
2
(4)R− Λ(t)− c(t)g00 + m
4
2(t)
2
(δg00)2
− m
3
3(t)
2
δKδg00 +
m˜24(t)
2
δg00
(
(3)R− δK2
)]
,
(6)
where the (time-independent) Planck mass squared is M2Pl = M
2∗ f . For simplicity, in the following we
will assume that the mass scales m33 and m˜
2
4 are time independent but taking into account their slow
time dependence is straightforward.
Before expanding the action we note that, on the homogeneous solution, the variation of eq. (6)
with respect to the metric yields two equations that can be used to express c(t) and Λ(t) in terms of the
Hubble expansion and matter quantities (see e.g. [19, 21]). To remain general, we refrain from giving
their precise expressions here because these equations depend on the details of the matter Lagrangian,
e.g., the matter coupling with the scalar, and these are irrelevant for the following discussion. We will
therefore treat c(t) and Λ(t) as independent functions.
As it will be made explicit below, the unitarity cutoff of the EFT of DE is usually of order
Λ3 ≡ (MPlH20 )1/3 . (7)
This scale corresponds to roughly 1000 km and therefore is within the LIGO/Virgo frequency band.
If new physics enters around the scale Λ3, one expects at most O(1) corrections to the predictions of
the EFT. On the others hand, if new states are present at a scale parametrically below Λ3, the EFT is
of no use for the gravitational waves predictions at LIGO/Virgo [23]. In the following we will assume
the validity of the EFT description.
2.2 Free theory
We will first expand the action at quadratic order and then derive the graviton-scalar interactions in
Sec. 3. For later convenience, it is useful to use the standard ADM metric decomposition, where the
metric line element reads
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) . (8)
In terms of this decomposition, the extrinsic curvature takes the form
Kij =
1
N
Eij , Eij ≡ 1
2
(h˙ij −DiNj −DjNi) , (9)
where Di is the covariant derivative with respect to the metric hij , which is also used to raise and
lower Latin indexes. In this section we will work in Newtonian gauge, defined by
N2 = 1 + 2Φ , Ni = 0 , hij = a
2(t)(1− 2Ψ)(eγ)ij , (10)
with ∂iγij = γii = 0. The derivation of the quadratic action and the graviton-scalar interactions in
spatially flat gauge is left to App. C.
4
The time-diffeomorphism invariance of the action can be restored by the usual Stueckelberg trick
(see e.g. [19, 22]). By defining the Goldstone bosons of broken time diffeomorphisms by pi, under a
time coordinate change t→ t+ pi(t,x) we obtain
g00 → g00 + 2g0µ∂µpi + gµν∂µpi∂νpi , (11)
δKji → δKji − H˙piδji −
1
a2
∂i∂jpi +O(2) , (12)
(3)R→ (3)R+ 4
a2
H∂2pi +O(2) , (13)
where, since δKji and
(3)R enter in the action only multiplied by a perturbation, in the last two
equations we have kept only linear perturbations and used that ∂2 ≡∑i ∂i∂i.
Varying the action with respect to Φ and focussing on the sub-Hubble limit by keeping only the
leading terms in spatial derivatives, one obtains
2M2Pl∂
2Ψ +m33∂
2pi + 4m˜24∂
2(Ψ +Hpi) = 0 , (14)
which can be solved for Ψ in terms of pi,
Ψ = − m
3
3 + 4m˜
2
4H
2(M2Pl + 2m˜
2
4)
pi . (15)
Variation with respect to Ψ in the same limit yields
M2Pl∂
2(Φ−Ψ) + 2m˜24∂2(Φ− p˙i) = 0 . (16)
Since the frequencies involved in the gravitational wave experiments that concern us here are much
higher than the Hubble rate, one can focus on the highest number of time derivatives per field (i.e.
we assume Hpi  p˙i) and express Φ in terms of p˙i,
Φ =
2m˜24
M2Pl + 2m˜
2
4
p˙i . (17)
Plugging these solutions back into the action one obtains (see also [22])
S(2)pi =
∫
d4xM2Pl
3m63 + 4M
2
Pl(c+ 2m
4
2)
4(M2Pl + 2m˜
2
4)
2
[
p˙i2 − c2s(∂ipi)2
]
, (18)
where c2s is the speed of sound squared, which is given by
c2s =
4
(
M2Pl + 2m˜
2
4
)2
c−M2Pl
(
m33 − 2M2PlH
) (
m33 + 4m˜
2
4H
)
+ 8M2Plm˜
2
4
(
M2Pl + 2m˜
2
4
)
H˙
M2Pl
[
3m63 + 4M
2
Pl(c+ 2m
4
2)
] . (19)
Once again, in this paper we consider frequencies much higher than H: we can assume that we are in
Minkowski spacetime and set a = 1, as we did for eq. (18).
A comment is in order here. It is a known peculiar feature of beyond Horndeski theories that the
dynamics of pi is affected by the mixing with matter fluctuations [24, 34]. However, this mixing is
neglected in eq. (18) by neglecting matter fluctuations in its derivation, in eqs. (15) and (17). This is
justified by the fact that the mixing would depend on the local environment and on scales of order
1000 km one cannot rely on small perturbations around the cosmological average value. Since the
mixing depends on the position, in the following the coefficients of the pi action, in particular the speed
of sound, should be considered as weakly position dependent. This approximation does not change
our conclusions, however. (Neglecting matter fluctuations becomes exact in the limit in which DE
dominates in the Friedmann equations.)
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Getting back to eq. (18), we define the canonically normalized field pi(c) as
pi(c) ≡ MPl
[
3m63 + 4M
2
Pl(c+ 2m
4
2)
] 1
2
√
2(M2Pl + 2m˜
2
4)
pi . (20)
The quadratic action for the graviton can be found by expanding the Einstein-Hilbert term. One
gets
S(2)γ =
∫
d4x
M2Pl
8
[
γ˙2ij − (∂kγij)2
]
. (21)
Defining the Fourier decomposition of γij as
γij(t,x) =
∫
d3k
(2pi)3
∑
σ=±
σij(k)γ
σ
k(t)e
ik·x , (22)
where + and − are the two polarizations of the graviton, with
σij(k)δ
ij = kiσij(k) = 0 , 
σ
ij(k)
?σ′
ij (k) = 2δσσ′ , (23)
the canonical normalized Fourier modes of the graviton are
γ
(c)
ij ≡
MPl√
2
γij . (24)
For later convenience, we note that the tensor product of two polarizations has to be transverse in
each of its indexes and traceless in two couples of indexes. It is thus given by∑
σ=±
σij(k)
? σ
mn(k) = λimλjn + λinλjm − λijλmn , λij ≡ δij −
kikj
k2
. (25)
3 Graviton decay into pipi
As mentioned in the introduction, the dominant decay channel is the decay of gravitational waves into
two scalar fluctuations. In this section we compute the interaction vertex and the rate associated to
this decay.
3.1 Interaction vertex γpipi
Let us compute the cubic vertex of the interaction γpipi in the gauge specified in (10). We first inspect
the Einstein-Hilbert term in the action (6), to see if it can generate such a coupling. Since the 4d
Ricci scalar is 4d diffeomorphism invariant, we do not need to perform the Stueckelberg trick on it.
We can decompose it in the 3 + 1 quantities using the Gauss-Codazzi relation, i.e.
SEH =
M2Pl
2
∫
d4x
√
h
[
N (3)R+N−1
(
EijE
ij − E2)] . (26)
One can verify that the 3d scalar quantities
√
h, E and EijE
ij do not yield any contribution linear
in γij . While
(3)R gives a term linear in γij , this contains fewer derivatives than the terms discussed
below. Therefore, we disregard SEH.
Discarding the operators proportional to Λ, c, m42 and m
3
3, which do not contain linear terms in
γij , we focus on the operator proportional to m˜
2
4, whose contribution to the action is
S4 =
m˜24
2
∫
d4xN
√
h δg00
[
(3)R+ δKijδK
ij − δK2
]
. (27)
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For the 3d Ricci, eq. (13) is not enough, since we need to perform the Stueckelberg trick at linear order
in both pi and in γ. Starting from the linear expression (3)R = ∂i∂jhij − ∂2h and using the following
transformations under a time-deffeomorphism,
hij → hij −Ni∂jpi −Nj∂ipi +O(pi2) , (28)
∂i → ∂i − ∂ipi∂0 +O(pi2) , (29)
one gets, neglecting the expansion of the universe,
(3)R→ (3)R− 2∂i∂j(Ni∂jpi) + 2∂2(Ni∂ipi)− ∂ipi∂j h˙ij − ∂i(∂jpih˙ij) + ∂i(∂ipih˙) + ∂ipi∂ih˙ , (30)
which in our gauge becomes
(3)R→ (3)R− γ˙ij∂i∂jpi . (31)
By multiplying by δg00 after the Stueckelberg trick (see eq. (11)) this term generates the following
contribution to the action
−
∫
d4x
m˜24
2
(2Φ− 2p˙i)γ˙ij∂i∂jpi , (32)
where we have retained only terms with the highest number of time derivatives.
For the terms quadratic in the extrinsic curvature in the bracket of eq. (27), it is enough to use the
linear Stueckelberg trick, eq. (12). While δK2 does not generate terms linear in γij unsuppressed by
H, δKijδK
ij generates −γ˙ij∂i∂jpi. Multiplying by δg00, this gives an identical contribution as eq. (32).
Replacing Φ using eq. (17) and integrating by parts, we finally obtain
Sγpipi =
M2Plm˜
2
4
M2Pl + 2m˜
2
4
∫
d4x γ¨ij∂ipi∂jpi . (33)
Using the canonically normalized fields defined in eqs. (20) and (24), the interaction vertex (33)
becomes
Lγpipi =
1
Λ3∗
γ¨
(c)
ij ∂ipi
(c)∂jpi
(c) , (34)
with
Λ3∗ ≡MPl
3m63 + 4M
2
Pl(c+ 2m
4
2)
2
√
2 m˜24(M
2
Pl + 2m˜
2
4)
. (35)
In the following we denote by pµ, kµ1 and k
µ
2 , respectively the 4-momentum of the decaying graviton
and of the two pi fields in the final state. Therefore, in diagrammatic form in Fourier space, for a given
polarization σ the interaction vertex reads
ij
= 2× 1
Λ3∗
p2 k1mk2n
[
1
2
(δimδjn + δinδjm)− 1
3
δijδmn
]
, (36)
where the factor of 2 comes from the two possibilities of associating k1 and k2.
3.2 Decay rate
Let us define the matrix element iA for a given polarization state σ as
〈{p, σ}; in|k1, k2; out〉 ≡ (2pi)4δ(4)(pµ − kµ1 − kµ2 ) iA . (37)
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The decay rate reads
Γγ→pipi =
1
2
× 1
2Ep
∫
d3k1
(2pi)32Ek1
d3k2
(2pi)32Ek2
(2pi)4δ(4)(pµ − kµ1 − kµ2 ) 〈|iA |2〉 , (38)
(the factor 1/2 in front of the integral comes from considering identical final particles) where, for
any 4-vector qµ, Eq denotes its time component and 〈|iA |2〉 is the square of the matrix element iA
averaged over all possible initial polarizations for the in-state. Before evaluating this explicitely, we
can simplify the integral.
Integrating over d3k2 removes δ
(3)(p−k1−k2). Then, let us define p ≡ |p|, k1 ≡ |k1| and k2 ≡ |k2|.
Integrating over dk1 using the on-shell conditions (we neglect the mass of pi assuming that it is much
smaller than the typical frequency under consideration)
Ep = p , Ek1 = csk1 , Ek2 = csk2 , (39)
removes δ(Ep −Ek1 −Ek2). For this last step, it is convenient to define Ω ≡ k1 · p/(k1p) and express
k2 in terms of k1 as
k2 =
√
k21 + p
2 − 2pk1Ω . (40)
Finally, assuming 0 < cs < 1 and expressing k1 in terms of p and Ω using
k1 =
p(1− c2s)
2cs(1− csΩ) , (41)
one obtains
Γγ→pipi =
1
4p
1
16pic3s
∫ 1
−1
dΩ
1− c2s
(1− csΩ)2 〈|iA |
2〉 . (42)
We can now compute 〈|iA |2〉. The matrix element of the vertex (36) is
iA =
2i
Λ3∗
p2 k1ik2j 
?σ
ij (p) . (43)
Averaging over all possible initial polarizations for the in-state, using energy-momentum conservation,
kµ2 = p
µ − kµ1 , the transversality of the polarization tensor, piσij(p) = 0, and eq. (25), we find
〈|iA |2〉 ≡ 1
2
∑
σ=±
|iA |2 = 2p
4
Λ6∗
k41
(
1− Ω2)2 . (44)
Finally, replacing this expression inside the integral and integrating over dΩ using eq. (41) we obtain
Γγ→pipi =
p7(1− c2s)2
480pic7sΛ
6∗
. (45)
For LIGO/Virgo observations we have p ∼ Λ3. Requiring that the gravitational waves are stable
over cosmological distances ∼ H−10 , one gets
Λ3
H0
(
Λ3
Λ∗
)6 (1− c2s)2
480pic7s
∼ 1020
(
Λ3
Λ∗
)6 (1− c2s)2
480pic7s
. 1 , (46)
which implies that Λ∗  Λ3. To compare with large-scale structure constraints, we can write the scale
Λ∗ in terms of quantities constrained by observations. In particular, let us define the dimensionless
quantities [35, 36]
α ≡ 2c+ 4m
4
2
M2PlH
2
+
3m63
2M4PlH
2
, αB ≡ − m
3
3
2M2PlH
, αH ≡ 2m˜
2
4
M2Pl
. (47)
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The first quantity, α, sets the normalization of the scalar fluctuations and must be positive while αB
[35] and αH [25] measure the kinetic mixing of the scalar respectively with gravity and matter. One
finds (
Λ3
Λ∗
)3
=
αH(1 + αH)√
2α
, (48)
so that, from eq. (46), αH—and thus m˜
2
4—must vanish for any practical purpose. Notice that one
cannot avoid this conclusion taking α very large: this limit corresponds to cs  1 and further enhances
the decay rate eq. (45). Moreover, in the same way one cannot take αH close to −1. Indeed, in this
case the speed of sound squared becomes negative, as one can see from eq. (19), and the system is
unstable.
For interesting values of m˜24 the decay rate of the GWs is so large that no wave will reach the
detector. For this reason it is not worthwhile to look at the precise effects on the luminosity distance
as a function of the frequency. Concerning the produced scalar modes, these will not form a possibly
detectable burst but they will be emitted in different directions and spread in space. Notice also that
our perturbative calculation does not take into account the presence of a large number of quanta giving
rise to a classical wave: coherent effects will further enhance the loss of energy into scalar waves.
Before concluding the section, let us briefly discuss the case cs ≥ 1. For c2s = 1, energy-momentum
conservation implies that the pi’s are collinear with γ, i.e. Ω = 1. In this configuration the decay is
forbidden by the conservation of the angular momentum: the graviton with helicity 2 cannot decay
collinearly into scalar particles. (Indeed, in this limit the interaction (43) vanishes by the transversality
of the graviton polarization.) Instead, the case cs > 1 is kinematically forbidden by energy-momentum
conservation. We will discuss in the next section that also in the case cs ≥ 1 the operator proportional
to m˜24 must be negligibly small.
4 Loop corrections and dispersion
We now move to study the loop corrections to the graviton propagator induced by the coupling γpipi.
As argued in [5], setting cT = 1 is stable under quantum corrections. However, since Lorentz invariance
is spontaneously broken, loop corrections could modify the dispersion relation of gravitons (i.e. provide
an energy-dependent phase-velocity) at a level in principle detectable by current gravitational waves
experiments [37, 38]. The bounds on a possible non-trivial dispersion are even tighter than the ones
on cT, since they rely on the comparison among different frequencies and are not limited by the
astrophysical uncertainty on the emission time. Moreover, the result for the decay rate obtained in
the previous section suggests that these dispersion effects are of conspicuous size. Indeed, it is well
known that absorption is often accompanied by dispersion effects of the same magnitude. In this
section we want to investigate these effects by computing loop-corrections to the graviton propagator
and look at possible higher-derivative corrections.
4.1 Graviton self-energy
As already done for the decay rate, we focus on the interaction vertex (36), which turns out to be the
dominant coupling at the energy scales relevant for gravitational wave experiments. The correspond-
ing term in the action can be cast in a manifestly 3-dimensional covariant form as ∼ ∇0Kµν∂µpi∂νpi.
Therefore, operators generated at loop-level from this interaction do preserve diffeomorphism invari-
ance.1 In order to keep covariance manifest we choose to express γ˙ij as 2Kij .
1Radiative corrections will generate terms that are manifestly invariant under time-dependent spatial diffs. In the
vertex δg00δKijδK
ij one has an external δKij leg, which is explicitly covariant under time-dependent spacial diffs. One
can integrate by parts and move derivatives that act on the internal pi’s on the external leg: this shows that the operator
δK2ij is not renormalized in compliance with the non-renormalization theorem of Galileons [39]. Since we are interested in
the effect on the propagation of gravitational waves, we disregard spatial derivatives acting on Kij : these will contribute
to operators that depend on ∂iKij , and these cannot affect gravitational waves, since they are transverse. The external
leg can thus be taken of the form ∂0Kij . (Invariance under time-dependent spatial diffs at all orders implies one gets a
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In the following we adopt dimensional regularization in d ≡ 4−ε dimensions and we work at lowest
order in the coupling m˜24. Then, at 1-loop, the only diagram contributing to the graviton propagator
we need to evaluate is
mn = iΠijmn(p)
M2Pl
2
K˙ij(p)K˙mn(−p) . (49)
Indeed, tadpole diagrams with virtual massless fields vanish in dimensional regularization since they
do not contribute to logarithmic divergences. To maintain the correct dimensions, the scale Λ∗ is
replaced by Λ∗d = Λ∗ µ−ε/6, where µ is an arbitrary energy scale.2 Additionally, the propagator for pi
is
q =
−i
−q20 + c2sq2 − i
=
−i
q¯2 − i , (50)
where in the last equality we have defined
q¯µ ≡ (q0, csq) . (51)
At this point we are ready to evaluate the amplitude of the diagram (49) as:
iΠijmn(p) =
1
2
×
(−4i
Λ3∗d
)2 ∫ ddq
(2pi)d
−i
q¯2 − i
−i
(q¯ − p¯)2 − i
1
4
[qi(q − p)j + qj(q − p)i]×
× [qm(q − p)n + qn(q − p)m]
(52)
One can now insert a Feynman parameter x and change the variable of integration to k ≡ q¯ − p¯x.
Notice that terms with powers of p in the numerator are not relevant for gravitational waves and can
be disregarded as they would generate operators containing ∂iKij that vanish for transverse-traceless
perturbations. The same also holds for terms proportional to the trace of the extrinsic curvature.
Using the suffix (TT) to denote that we restrict to these terms, one gets
iΠ
(TT)
ijmn(p) =
8µε
Λ6∗c
d+3
s
∫ 1
0
dx
∫
ddk
(2pi)d
kikjkmkn
[k2 + p¯2x(1− x)− i]2 . (53)
Due to the rotational symmetry of the integral over k in (53), we can use
kikjkmkn =
k4
d2 − 1 (δimδjn + δinδjm + δijδmn) , (54)
where the last term in the parenthesis can be dropped, since it yields a term proportional to the trace
of the extrinsic curvature.
After these steps, we define ∆ ≡ p¯2x(1−x)− i and we compute the integral in eq. (53) using that
k4 = (k2 − k20)2 and∫
ddk
(2pi)d
(k2 − k20)2
(k2 + ∆)2
= I
[
1 +
Ωd−1
Ωd
∫ pi
0
(cos4 φ− 2 cos2 φ) sind−2 φdφ
]
= I
d2 − 1
d(d+ 2)
, (55)
structure ∇0Kij ; here we disregard higher order terms.)
Things are less transparent for the interaction δg00(3)R. In the calculation one has to take out of (3)R a gravitational
wave and a scalar so that one cannot keep objects that are explicitly covariant under time-dependent spatial diffs. To
check the invariance it is useful to look at the terms linear in pi that originate from (3)R, eq. (30). One can explicitly check
the invariance of eq. (30) under time-dependent spatial diffs: hij → hij + ∂iξj + ∂jξi, N i → N i + ∂0ξi. In particular,
since we are interested only in the effect on gravitational waves, one can disregard terms that vanish for transverse,
traceless perturbations and focus on the two terms: ∂i∂jpi(−h˙ij + 2∂jNi) = − 12∂i∂jpiKij . The generated terms relevant
for gravitational waves have the same structure as in the case δg00δKijδK
ij .
2Note that in d spacetime dimensions γ
(c)
ij and pi
(c) have dimension d/2− 1.
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where I and Ωd, the area of the (d− 1)-sphere, are given by
I ≡ i
(4pi)d/2
d(d+ 2)
4
Γ(−d/2)
∆−d/2
, Ωd ≡ 2pi
d/2
Γ(d/2)
. (56)
Thus, we get
iΠ
(TT)
ijmn(p) =
2iµε(p¯2 − i)d/2
Λ6∗c
d+3
s
Γ(−d/2)
(4pi)d/2
Γ(1 + d/2)2
Γ(2 + d)
(δimδjn + δinδjm) . (57)
From this, by taking the limit d→ 4− ε and expanding at leading order in ε, we obtain the divergent
contribution to the effective action in momentum space,
Seff =
M2Pl
480pi2Λ6∗c7s
∫
d4p
(2pi)4
p¯4K˙ij(p)K˙ij(−p)
[
1
ε
+
23
15
− γE
2
− 1
2
log
(
p¯2
4pic2sµ
2
− i
)]
, (58)
where γE is the Euler-Mascheroni constant.
After introducing the suitable counterterm to remove the divergent part in the limit ε→ 0, one is
left with a dispersion relation for the gravitational waves of the form
ω2 = k2 − k
8(1− c2s)2
480pi2Λ6∗c7s
log
(
−(1− c2s)
k2
µ20
− i
)
. (59)
Here µ0 is an unknown constant that must be fixed by experiments. This dispersion relation is not
Lorentz-invariant and since the momenta relevant for observations are of order Λ3, it is not compatible
with the recent GW results (see [37, 38] for experimental constraints on GW modified dispersion
relations) unless m˜4 is very small or cs is very close to unity. Notice that the higher derivative
correction cannot be set to zero since it runs logarithmically with the scale k2. Notice also that the
correction to the propagation of GWs is there even when cs > 1 and the decay of the GW cannot take
place. This is indeed consistent with the fact that the loop in (49) involves the propagation of off-shell
pi’s, hence there is no kinematic restriction to the calculation. If one starts with an action with cT = 1,
this condition is stable under radiative corrections. However, eq. (59) shows that higher-derivative
non-Lorentz invariant operators are generated.
In the calculation, we did not take into account loops of the Fadeev-Popov ghost fields. The ghosts
appear in any theory with gauge redundancy as a way to express the determinant of the variation
of the gauge condition with respect to the gauge parameters. In general, this determinant is field
dependent and needs to be included in the action via the Fadeev-Popov procedure. This happens for
the two gauges we are using in this paper, the Newtonian gauge and, in the appendix, the spatially
flat one (in particular both gauges feature residual gauge freedom at zero momentum and this non-
physical modes must be cancelled by the ghosts). The ghost action only depends on the chosen gauge
condition and, in particular, it does not depend on the operators that describe the dynamics of the
fluctuations around the FRW background. The loop of ghosts with two external graviton lines will
therefore be independent of m˜4 and as such not suppressed by the low scale Λ3.
We also observe that unitarity of the S-matrix, in the form of the optical theorem, provides a
non-trivial check of our results thus far. Indeed this theorem sets an equality between the imaginary
part of the graviton self-energy (evaluated on-shell) and the decay rate times the energy we computed
in (45). Furthermore, this relation can be expressed diagrammatically as
2
(60)
and remarkably does not depend on the renormalization procedure one employs.
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We can readily show this equality by evaluating the imaginary part of (59) and comparing the
result with Γω. Of course the only term contributing to the imaginary part is the logarithm. For
c2s < 1 the argument of the logarithm is negative so we have
Imω2 = −k
8(1− c2s)2
480pi2Λ6∗c7s
Im log(−k2(1− c2s)− i) =
k8(1− c2s)2
480piΛ6∗c7s
= Γω. (61)
Conversely for c2s > 1 the argument of the logarithm is positive and as expected we find no imaginary
part, in agreement with (45) where in this case the result is zero.
The experimental constraints on the imaginary and real part of the dispersion relations are similar
Im ω2
ω2
. 1
ωdS
,
Re (ω2 − k2)
ω2
. 1
ωdS
, (62)
where dS is the distance of the source. Indeed, neither the amplitude nor the phase of a given Fourier
mode can have an order one modification travelling from the source to the detector.3 The bound reads
1
ωdS
∼ 10−18 × 2pi × 100 Hz
ω
40 Mpc
dS
. (63)
4.2 Higher-derivative corrections
The calculation above shows that radiative corrections generate operators suppressed by powers of
∂/Λ3. Even if we concentrated on the logarithmic divergences, which do not depend on the UV
physics, one expects that power divergences will be generated as well. These operators are in general
not Lorentz invariant and affect the propagation of tensor modes: since ∂/Λ3 is not very small in the
recent observations of GWs, this setup is ruled out by observations. (We expect this conclusion to
hold also in the case cs = 1, even though the calculable corrections of the previous Section vanish.)
One has both a large decay rate of gravitational waves and a sizeable distortion of the signal. It is
however important to point out two possible ways out.
First, these conclusions do not apply to the operator δg00δK or, in the covariant language, to the
cubic Galileon/Horndeski. Even though the strong coupling scale is Λ3, it is easy to realise that the
coupling with gravitational waves is very suppressed. Indeed if one considers this operator with a size
that is relevant for modifications of gravity on cosmological scales (corresponding to a cutoff of order
Λ3), one can easily read the coupling with gravity
HM2Plδg
00δK ∼ HM2Plp˙i∂i∂jpiγij . (64)
We obtain a coupling that, if compared with the one of the previous sections, is suppressed by a much
larger scale:
Λ2 ≡ (H0MPl)1/2 . (65)
This strongly suppresses both the decay rate of gravitational waves and the loop corrections to the
propagation.
Since this point is quite important, it is worthwhile repeating it in the covariant language. Making
explicit the dependence on the scales Λ2 and Λ3 following [40], one starts with a Horndeski action of
the form
L2 = Λ
4
2G2
(
(∂φ)2
Λ42
)
, L3 = Λ
4
2G3
(
(∂φ)2
Λ42
)
φ
Λ33
, L4,5 . . . , (66)
where the explicit form of the L4 and L5 operators is given in App. A. The action is characterised by
the two scales Λ2  Λ3. This form of the action is stable under radiative corrections: the functions Gi
3For the real part the constraints come from comparing different frequencies, i.e. looking at the distortion of the
expected signal. In the case of a quadratic dispersion relation with cT 6= 1 the signal is not distorted and one has to rely
on an optical counterpart, with somewhat looser bounds.
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receive corrections that are parametrically suppressed by (Λ3/Λ2)
4  1 compared to original action.
(In particular this implies the stability of the condition that GWs travel luminally, at the 2-derivative
level, cT = 1 [5].) This result is based on the non-renormalisation theorem of Galileons [39] and on the
small breaking induced by gravity. The gravitational interactions present in the covariant Galileons
[41] are of the form
(67)
Solid lines represent a single derivative acting on the scalar, while dashed lines more than one deriva-
tive; the wavy line is a graviton. The crucial point is that one has one graviton and thus one power of
1/MPl for each (∂φ)
2. This motivates the scaling of eq. (66) for the Horndeski Lagrangian and shows
that the operators are renormalized in a very suppressed way [40].
Let us now consider the renormalisation of operators with external graviton lines (we take the
graviton canonically normalized, i.e. a dimension one field γ(c)):
(68)
The scaling still works in the same way: one power of 1/MPl for each (∂φ)
2 (one can have more powers
of (∂φ)2 as external legs, but each carries its 1/MPl since the functions Gi above are characterized by
Λ2 and not Λ3 in the action). This implies the generation of operators of the schematic form
Λ43F
(
(∂φ)2
Λ42
,
∂2φ
Λ33
,
γ(c)
Λ3
,
∂
Λ3
)
. (69)
Since on the background solution one has φ˙2 ∼ Λ42 one sees that the action for tensors is characterised
by the only scale Λ3: in particular one has sizeable corrections to the propagation if the frequency
is not well below Λ3. Notice however that the conclusion does not apply to the cubic Horndeski,
i.e. to the first interaction of (67). Since graphs must be 1PI one is forced to have one leg with a
single derivative inside the loop: this changes the scaling and suppresses the final result by (Λ3/Λ2)
4.
Therefore a theory with only cubic Galileon/Horndeski is viable since it does not affect the graviton
propagation at the scale Λ3 (or at least it is technically natural to make this assumption). Notice that
this setup is consistent since the non-renormalization theorem guarantees that if quartic and quintic
terms are zero at the beginning, they will be generated only with a very suppressed coefficient. One
can generalise the argument to beyond Horndeski theories following [42].
The second caveat is that the theory that describes cosmological perturbations may break down
at energies parametrically lower than Λ3 [23]. Of course nothing forbids that a theory changes before
reaching its unitarity cutoff. In this case the EFT of DE cannot be used to describe the recent
observations of propagation of gravitational waves. Since we do not know of any explicit UV completion
of the DE theories we are studying, it is difficult to reach general conclusions. Naively, one expects the
speed of gravitons to approach the speed of light as cT−1 ∼M2/ω2, where M is the typical mass of the
new degrees of freedom. Therefore, to satisfy the experimental bounds one needs M . (1011 km)−1.
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It would be interesting to study the constraints imposed by causality and analyticity on a scenario in
which gravitational waves have a different speed at different frequencies. In the analogous problem of
light propagating in a material, one can derive general conclusions on the absorption of light given its
frequency-dependent speed. Indeed the real and imaginary part of the index of refraction are related
by the Kramers-Kronig relations. It is worthwhile studying whether similar techniques can be applied
to the propagation of gravitational waves.
5 Conclusions
The observation of gravitational waves has opened a new way of constraining dark energy and modified
gravity. This is made possible by the fact that the cutoff of the scalar-tensor EFT describing dark
energy, Λ3 = (MPlH
2
0 )
1/3, lays within the LIGO/Virgo band. At these energy scales, interactions
involving gravitons and dark energy fluctuations become large. In the presence of spontaneous breaking
of Lorentz invariance, this makes gravitons decay at a catastrophically large rate.
As explained in Sec. 2, to be compatible with the GW170817 measurements we have restricted
our study to theories where gravitons propagate at the speed of light. In the covariant language (see
App. A), these are described by the Lagrangian (see e.g. [5])
LcT=1 = P (φ,X) +Q(φ,X)φ+ f(φ,X) (4)R−
4
X
f,X(φ,X)(φ
;µφ;νφ;µνφ− φ;µφ;µνφ;λφ;λν) , (70)
where X ≡ gµν∂µφ∂νφ. Moreover, we have focused on cubic interactions. In this case, two channels
of decay are possible: γ → pipi from the coupling αHM2Plγ¨ij∂ipi∂jpi and γ → γpi from the coupling
αHM
2
Plp˙iγ˙
2
ij . Here αH is a dimensionless time-dependent function measuring the beyond Horndeski
character of the theory [24, 25]. It is defined in eq. (47) and for the theory (70) above is given by
αH = −2Xf,X/f .
We have studied the decay rate for γ → pipi in Sec. 3, finding that it is roughly given by Γγ→pipi ∼
α2Hω
7/Λ63 (the full expression can be found in eq. (45) with (35)). The coupling γγpi contains one less
derivative than γpipi. Therefore, the decay rate for γ → γpi is much smaller: Γγ→γpi ∼ α2Hω5/Λ42, where
Λ2 = (MPlH0)
1/2. This decay gives constraints on αH that are much looser than the other channel
and for this reason it is studied in App. D.
The absence of this effect at LIGO/Virgo frequencies ω ∼ Λ3 implies that αH is practically zero.
Thus, the surviving theory is
LcT=1, no decay = f(φ)
(4)R+ P (φ,X) +Q(φ,X)φ . (71)
It is interesting to formulate this theory in the context of the more general Degenerate Higher-Order
Scalar-Tensor (DHOST) [43] or Extended Scalar-Tensor [44] theories. These theories can be obtained
starting from beyond Horndeski and performing an invertible conformal transformation that depends
on X, i.e. gµν → C(φ,X)gµν [45, 44, 46] (we assume C is not linear in X so that the transformation
is invertible). Since this does not change the light-cone, we can do the same with the theory above,
obtaining
LcT=1, no decay = P (φ,X) +Q(φ,X)φ+ C(φ,X)(4)R+
6C,X(φ,X)
2
C(φ,X)
φ;µφ;µνφ;λφ
;λν . (72)
Here we have redefined the free functions P and Q after the transformation and reabsorbed the
dependence on f(φ) in C. This is the most general degenerate theory compatible with c2T = 1 and
with the absence of graviton decay.4
4In terms of the dimensionless coefficients defined in Ref. [47], for DHOST theories we find that neither αH nor β1,
the coefficient parameterizing the presence of higher-order operators, vanish. However, in the absence of decay these
coefficients are not independent but are related by αH = −2β1. This implies that the screening mechanism based on
quartic terms studied in [48, 49, 32] is absent. We thank M. Crisostomi and K. Koyama for pointing this out to us.
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The closeness of the cutoff to the LIGO/Virgo band is also responsible for modifying the dispersion
relation of the gravitational waves, see Sec. 4. For cs < 1, this is expected because the dispersion is
related to the decay by the optical theorem, as we explain in Sec. 4.1. For cs > 1, even if the decay of
gravitons is kinematically forbidden, the loop corrections to the graviton propagation are still present
and give practically the same bound. In the case cs = 1, the decay rate and the calculable part of the
loop corrections that we studied vanish. On the other hand, power-law divergent terms are expected
and would provide similar constraints to those obtained for cs 6= 1. We conclude that the absence
of m˜24 holds for any value of the scalar speed cs. Interestingly, as explained in Sec. 4.2 radiative
corrections in the surviving theory (71) (and its degenerate version (72)) do not generate measurable
effects in the graviton dispersion relation even at the LIGO/Virgo scales.
As already mentioned in the article, our conclusions do not hold if the theories at hand break down
at a scale parametrically smaller than Λ3 [23]. It would be interesting to investigate further whether
an example of such a proposal can be constructed that successfully reproduces GR on short scales.
Moreover, we stress again that in this article we have studied the perturbative decay of gravitational
waves, neglecting possible coherent effects. Given the very high occupation number of gravitons in the
observed waves, we expect that these effects are indeed important and that their absence can be used
to rule out another corner of the parameter space of these theories. We leave this investigation for the
future. Another interesting direction is to study whether these effects are also relevant for theories
that are not described by the EFT of DE.
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A Connection with Horndeski and beyond Horndeski theories
Following [5], in this appendix we connect the EFT action (1) with the covariant formulation of
Horndeski [27, 28] and beyond Horndeski [45] theories a` la GLPV [24, 25]. In particular, let us
consider a scalar field φ and define X ≡ gµν∂µφ∂νφ and φ ≡ φ;µ;µ. The symbol µνρσ denotes the
totally antisymmetric Levi-Civita tensor, a comma a partial derivative with respect to the argument
and a semicolon the covariant derivative.
The scalar field dynamics of GLPV theories is governed by the action [24, 25]
S =
∫
d4x
√−g
∑
I
LI , (73)
where
L2 ≡ G2(φ,X) , L3 ≡ G3(φ,X)φ ,
L4 ≡ G4(φ,X) (4)R− 2G4,X(φ,X)(φ2 − φ;µνφ;µν)
− F4(φ,X)µνρσ µ
′ν′ρ′σφ;µφ;µ′φ;νν′φ;ρρ′ ,
L5 ≡ G5(φ,X) (4)Gµνφ;µν
+
1
3
G5,X(φ,X)(φ3 − 3φφ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ)
− F5(φ,X)µνρσµ′ν′ρ′σ′φ;µφ;µ′φ;νν′φ;ρρ′φ;σσ′ ,
(74)
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and F4 and F5 are related by
XG5,XF4 = 3F5 [G4 − 2XG4,X − (X/2)G5,φ] , (75)
in order for the theory to be degenerate [43].
The relevant parameters in eq. (1) can be written in terms of the covariant functions G4, G5, F4
and F5 above. We find
M2 ≡M2∗ f + 2m24 = 2G4 − 4XG4,X −X
(
G5,φ + 2Hφ˙G5,X
)
+ 2X2F4 − 6Hφ˙X2F5 ,
m24 = m˜
2
4 +X
2F4 − 3Hφ˙X2F5 ,
m˜24 = −
[
2XG4,X +XG5,φ +
(
Hφ˙− φ¨)XG5,X] ,
m25 = X
[
2G4,X + 4XG4,XX +Hφ˙(3G5,X + 2XG5,XX) +G5,φ
+XG5,Xφ − 4XF4 − 2X2F4,X +Hφ˙X
(
15F5 + 6XF5,X
)]
,
m6 = m˜6 − 3φ˙X2F5 ,
m˜6 = −φ˙XG5,X ,
m7 =
1
2
φ˙X
(
3G5,X + 2XG5,XX + 15XF5 + 6X
2F5,X
)
.
(76)
For theories with luminal gravitational waves we have G5,X = 0 = F5 and 2G4,X −XF4 + G5,φ = 0
(see eqs. (4) and (5) and e.g. [5]).
B Generic disformal frame
In Sec. 3.2 we have seen that the parameter m˜24 has to vanish to suppress the gravitational wave decay.
We have made the calculation in a frame where gravitons travel at a speed cT = 1, so that several of
the EFT parameters are absent from the beginning. Combining the new constraint m˜24 = 0 with those
coming from the speed of gravitons, eqs. (4) and (5), one finds that the EFT simplifies considerably:
f˙ = m24 = m˜
2
4 = m
2
5 = m6 = m˜6 = m7 = 0 , (77)
where the time independence of f can be set by a conformal transformation. Here we want to see the
consequences of the absence of gravitational wave decay in a generic disformal frame and show that
our results can be written in a frame independent way.
Exceptionally in this appendix we will use the following notation: we will denote by a hat quantities
in the special frame where cˆT = 1, while quantities without a hat are in a generic frame. Starting
from the generic action (1), it is possible to show that the cubic interaction γpipi is controlled by the
scale
Λ3∗ =
2
√
2MH2c2Tα[
1 + αH − c2T(1 + αV)
]
(1 + αH)
, (78)
where the dimensionless quantity
α ≡ 2c+ 4m
4
2
M2H2
+
3
2
(
M2∗ f˙ −m33
M2H
)2
(79)
sets the normalization of the scalar fluctuations [36] and we have also defined the dimensionless
quantities (see e.g. [32])
c2T ≡ 1−
2m24
M2
, αH ≡ 2(m˜
2
4 −m24)
M2
, αV ≡ −2m
2
5
M2
. (80)
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Generalizing the calculations of Sec. 3.2 in the frame where cT 6= 1 (in this frame photons and
gravitons move at the same speed, as required by experiments, but not equal to unity) we can derive
the decay rate in a generic frame. This reads
Γγ→pipi =
E7p
(
1− c2s/c2T
)2
480pic7sΛ
6∗
, (81)
where Ep = cTp and Λ
6∗ is obtained from squaring eq. (78) above. This expression generalizes the one
in eq. (45) to a generic frame.
We can now check that this result can be obtained from the decay rate in the frame with cˆT = 1,
i.e. (see eq. (45))
Γˆγ→pipi =
pˆ7
(
1− cˆ2s
)2
480picˆ7sΛˆ
6∗
, (82)
with (see eq. (35))
Λˆ3∗ =
√
2MˆPlHˆ
2αˆ
αˆH(1 + αˆH)
. (83)
(Notice that in the cˆT = 1 frame αˆV = −αˆH and one recovers this equation from eq. (78).) When
moving from the cˆT = 1 to the cT 6= 1 frame, momenta do not change (i.e. pˆ = p) but the scale Λˆ6∗
gets rescaled. Indeed, using the effects of a disformal transformation studied in [50, 34, 47] one can
show that
MˆPl = c
1/2
T M , Hˆ = H/cT , (84)
and
αˆ =
4αc4T[
1 + αH + c2T(1 + αV)
]2 , αˆH = 1 + αH − c2T(1 + αV)1 + αH + c2T(1 + αV) . (85)
Confronting eqs. (78) and (83) using these expressions shows that Λˆ3∗ = c
1/2
T Λ
3∗. Using this result and
cˆs = cs/cT in eq. (82) one sees that the dimensionless decay rate Γ/H is invariant,
Γˆγ→pipi
Hˆ
=
Γγ→pipi
H
, (86)
as expected.
To conclude, eq. (78) shows that the frame-invariant combination of parameters that is constrained
by the absence of decay is
1 + αH − c2T(1 + αV)
2
=
1
M2
[
m˜24 +m
2
5
(
1− 2m
2
4
M2
)]
= 0 . (87)
From eq. (76), for a quartic GLPV theory this constraint reads
2G24,X −XG4,XF4 + 2G4G4,XX − 2G4F4 −XF4,XG4 = 0 . (88)
As expected, eq. (87) cannot be put to zero by a disformal transformation gµν → gµν +D(φ,X)φ;µφ;ν ,
as one can check using that
αH → 1 + αH
1 + αX
− 1 , αV → 1 + αV
(1 + αD)(1 + αX)
− 1 , c2T → c2T(1 + αD) , (89)
where αD ≡ −XD/(1 +XD) and αX ≡ −X2D,X .
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C Interactions in spatially-flat gauge
C.1 Gauge transformation
To write the metric in Newtonian gauge, we start with the general decomposition
ds2 = −(1 + 2Φ)dt2 + a(t)2
(
(eγ)ij − 2Ψδij
) (
dxi +N idt
) (
dxj +N jdt
)
, (90)
where δijγij = 0. We can further decompose the vector part N
i into a scalar and a transverse vector as
Ni = ∂iψ + Nˆi where ∂iNˆi = 0 (in this section, indices are raised and lowered using the unperturbed
metric g¯00 = −1 and g¯ij = a(t)2δij , we use ∂2 ≡ ∂i∂i, and hatted quantities are divergenceless,
unrelated to the change of frame in App. B). To go to Newtonian gauge, we use three diffeomorphisms
to make the tensor transverse, ∂jγij = 0, and one diffeomorphism to make the vector transverse,
ψ = 0. In this gauge, we also have the Goldstone mode pi(x) which appears explicitly in the action
(i.e. after the Stueckelberg trick).
Another common gauge choice is the spatially-flat gauge (see e.g. [51]), where the metric is written
in the general decomposition
ds2 = −(1 + δN)2dt˜2 + a(t˜)2 (eγ˜)
ij
(
dx˜i + N˜ idt˜
)(
dx˜j + N˜ jdt˜
)
. (91)
The four gauge conditions in this case are that the tensor is transverse and traceless, ∂˜j γ˜ij = 0 and
δij γ˜ij = 0. Thus, in the decomposition of the vector, N˜i = ∂˜iψ˜+
ˆ˜Ni, the scalar ψ˜ is still present (here
∂˜µ ≡ ∂/∂x˜µ). The Goldstone field in this gauge is denoted p˜i(x˜).
Now, we wish to find the gauge transformation that connects the two above gauges to linear order.
Under the gauge transformation xµ → x˜µ = xµ + ξµ, the metric changes as normal
g˜µν(x˜(x)) = gρσ(x)
∂xρ
∂x˜µ
∂xσ
∂x˜ν
. (92)
Infinitesimally, this gives
∆gµν(x) ≡ g˜µν(x)− gµν(x) = −ξσ∂σgµν − ∂µξν − ∂νξµ (93)
where on the right-hand side, and in the rest of this section, all derivatives without a tilde are taken
with respect to the x coordinates, and all fields are evaluated at the point x. Expanding the metric
around a time-dependent background gµν(x) = g¯µν(t) + δgµν(x), this gives the following relation
between the fluctuations
δg˜µν(x) = δgµν(x) + ∆gµν(x) . (94)
Additionally, the transformation of the Goldstone field is dictated by the fact that it non-linearly
realizes time-diffemorphisms: p˜i(x˜(x)) = pi(x)− ξ0(x), or infinitessimally as
∆pi(x) ≡ p˜i(x)− pi(x) = −ξσ∂σpi − ξ0 . (95)
This gives the following relationships among the fields
δN = Φ + ∂0ξ0 (96)
a2γ˜ij = a
2
(
γij − 2Ψδij − 2Hξ0δij
)− ∂iξj − ∂jξi (97)
N˜i = Ni − ∂0ξi − ∂iξ0 (98)
p˜i = pi − ξ0 . (99)
It is also convenient to parametrize the spatial part of the diffeomorphism into a scalar and a
transverse vector: ξi = ∂iξ + ξˆi where ∂iξˆ
i = 0. Requiring that both γij and γ˜ij be transverse and
traceless gives
ξ0 = −Ψ
H
, and ∂2ξ = 0 . (100)
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The remaining tensor part of eq. (97) gives
∂iξˆj + ∂j ξˆi = a
2(γij − γ˜ij) , (101)
while the scalar and vector parts of eq. (98) give
∂2ξ0 = −∂2ψ˜ , and ∂0ξˆi = Nˆi − ˆ˜Ni . (102)
C.2 Vertices in spatially-flat gauge
In this subsection we redo the computations of Sec. 2 in the spatially-flat gauge. As we will see,
because we are in a different gauge, the relevant vertices emerge from different terms in the action.
In the spatially-flat gauge, δN and N˜ i are Lagrange multipliers, and for the cubic action, we only
need their expressions to first order [52]. Variation of the action with respect to ψ˜ gives the constraint
equation for δN , and variation with respect to δN gives the constraint equation for ψ˜:
δS
δψ˜
= a3∂2
(
−2M2Pl
(
H˙p˜i +HδN
)
+m33
(
δN − ˙˜pi))
δS
δ δN
= 2a3
(
2m42 + 3Hm
3
3 −M2Pl(3H2 + H˙)
)
δN + a3
(
2M2PlH˙ − 4m42 − 3Hm33
)
˙˜pi
+ 3a3H˙
(
m33 − 2HM2Pl
)
p˜i + a∂2
((
m33 + 4Hm˜
2
4
)
p˜i +
(
m33 − 2HM2Pl
)
ψ˜
)
.
(103)
In the high-energy (Hp˜i  ˙˜pi) and sub-horizon (H  ∂) limits, setting the above to zero gives the
solutions (see [53] for the case m˜24 = 0),
δN =
m33
m33 − 2M2PlH
˙˜pi , and ψ˜ = − m
3
3 + 4Hm˜
2
4
m33 − 2HM2Pl
p˜i . (104)
Notice that one can also obtain the same results by directly using the equations for the gauge trans-
formation in Sec. C.1. These solutions can then be plugged back into the action so that it is simply a
functional of γ˜ij and p˜i.
As before, one can then look at the quadratic Lagrangian to find the canonical normalization of
the fields and the speed of sound for p˜i. Because we have not changed the tensor part of the metric,
the normalization for γ˜ij is the same as in eq. (24). For p˜i, we can use the results of the last section
to immediately see the answer. Using eqs. (99), (100), (15), (17) and (20), we find
p˜i =
2HM2Pl −m33
4Hm˜24 + 2HM
2
Pl
pi =
2HM2Pl −m33√
2HMPl(3m
6
3 + 4M
2
Pl(c+ 2m
4
2))
1
2
pi(c) . (105)
Because only the normalization of pi changes between the gauges, the speed of sound c2s is the same
as in eq. (19).
Now we move on to the non-linear γpipi vertex. This vertex receives contributions both from the
Einstein-Hilbert term SEH in eq. (26) and the dark-energy term S4 in eq. (27). There are two different
contributions from N−1
(
EijE
ij − E2) in the Einstein-Hilbert term eq. (26): the first has the form
δN ˙˜γij∂i∂jψ˜ and comes from the EijE
ij term, and the second has the form ∂iψ˜ ∂jψ˜ ∂
2γ˜ij and comes
from both EijE
ij and E2. For the last term mentioned, we can use the linear equation of motion
∂2γij = a
2γ¨ij so that the vertex has two time and two spatial derivatives, which is the form in eq. (33).
More specifically, we have
SEH ⊃ 1
2
M2Pl
∫
d4x a
(
αNαψ ˙˜pi ˙˜γij∂i∂j p˜i +
1
2a2
α2ψ∂ip˜i∂j p˜i∂
2γ˜ij
)
(106)
=
2Hm˜24M
2
Pl(m
3
3 + 4Hm˜
2
4)
(m33 − 2HM2Pl)2
∫
d4x a ˙˜pi ˙˜γij∂i∂j p˜i (107)
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where as always we are in the high energy limit, and we have defined the coefficients for the constraint
fields δN = αN ˙˜pi and ψ˜ = αψp˜i with
αN =
m33
m33 − 2M2PlH
, and αψ = − m
3
3 + 4Hm˜
2
4
m33 − 2HM2Pl
, (108)
which allows us to see more precisely where each term comes from. The contribution from S4 comes
both from the Stueckelberg discussed after eq. (27), and from δKijδK
ij in the same manner as just
discussed for the Einstein-Hilbert term. More specifically, we have
S4 ⊃ m˜24(1− αN )(2 + αψ)
∫
d4x a ˙˜pi ˙˜γij∂i∂j p˜i =
2Hm˜24M
2
Pl(−m33 + 4H
[
m˜24 +M
2
Pl)
]
(m33 − 2HM2Pl)2
∫
d4x a ˙˜pi ˙˜γij∂i∂j p˜i .
(109)
In total, then, we have
Sγ˜p˜ip˜i =
8H2M2Plm˜
2
4(2m˜
2
4 +M
2
Pl)
(m33 − 2HM2Pl)2
∫
d4x a ˙˜pi ˙˜γij∂i∂j p˜i . (110)
Indeed, one can check that this is the same result that one would obtain by starting with the vertex
in Newtonian gauge eq. (33) and using eq. (105) to write it in the spatially flat gauge.
D Graviton decay into γpi
D.1 Interaction γγpi
To compute the cubic vertex of the interaction γγpi in (6), we proceed analogously to what we did
for γpipi. Let us start once more from the Einstein-Hilbert term, eq. (26). Focussing on the terms
containing γij , it is easy to verify that
(3)R ⊃ −1
4
(∂kγij)
2 +O(γ3) , EijEij ⊃ 1
4
(γ˙ij)
2 +O(γ3) , (111)
while E2 ⊃ O(γ3). The terms coming from applying the Stueckelberg trick to these quantities would
give too many pi’s to contribute to the cubic vertex. Therefore, using N = 1 − 2Φ + O(Φ2), the
Einstein-Hilbert term contributes with
SEH = −M
2
Pl
8
∫
d4x Φ
[
(∂kγij)
2 + (γ˙ij)
2
]
. (112)
Analogously we can compute the contribution from the operator m˜24, eq. (27). We find
S4 =
m˜24
8
∫
d4x (2Φ− 2p˙i)
[
− (∂kγij)2 + (γ˙ij)2
]
. (113)
Combining these two contributions and replacing Φ by using eq. (17), we obtain
Sγγpi = − M
2
Plm˜
2
4
2(M2Pl + 2m˜
2
4)
∫
d4x p˙iγ˙2ij . (114)
Note that, despite appearances, this vertex does not change the speed of propagation of gravitons,
even in the presence of a background of p˙i. Indeed, this vertex comes from the contribution in eq. (113),
which just modifies the normalization of γ, and from the contribution of the Einstein-Hilbert term,
eq. (112). The latter expresses the coupling between the kinetic terms of the graviton and the scalar
metric Φ, which deforms the graviton-cone. But the same coupling and deformation are also experi-
enced by minimally (or conformally) coupled photons and matter, so that at the end gravitons travel
on the light-cone.
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In terms of canonically normalized fields, the interaction vertex becomes
Lγγpi = − 1
Λ2γγpi
p˙i(c)(γ˙
(c)
ij )
2 , (115)
with
Λ2γγpi ≡
MPl√
2 m˜24
[
3m63 + 4M
2
Pl(c+ 2m
4
2)
] 1
2 . (116)
Denoting by pµ, kµ1 and k
µ
2 respectively the 4-momentum of the decaying graviton, of the pi field and
of the graviton in the final state, in diagrammatic form the vertex reads
¾
¾
mn
ij
= − 2i
4
Λ2γγpi
EpEk1Ek2
[
1
2
(δimδjn + δinδjm)− 1
3
δijδmn
]
. (117)
Note that this vertex has fewer derivatives than the vertex for γpipi, see eq. (36), and the scale Λγγpi is
much larger than Λ∗ defined in eq. (35), i.e. Λγγpi ∼ Λ2  Λ∗ ∼ Λ3. Thus, we expect a smaller decay
rate than the one from γpipi and a weaker constraint on m˜24. We will come back to this point at the
end of the section.
D.2 Decay rate
The decay rate reads
Γγ→γpi =
1
2Ep
∫
d3k1
(2pi)32Ek1
d3k2
(2pi)32Ek2
(2pi)4δ(4)(pµ − kµ1 − kµ2 ) 〈|iA |2〉 , (118)
where 〈|iA |2〉 is the the matrix element squared and averaged over the polarizations of the initial and
final states.
As done in Sec. 3.2, we can remove δ(3)(p−k1−k2) by integrating over d3k2. Moreover, integrating
over dk1 using the on-shell conditions
Ep = p , Ek1 = csk1 , Ek2 = k2 , (119)
we can remove δ(Ep−Ek1 −Ek2). To do that, we express k2 in terms of k1 and Ω = p ·k1/(pk1) using
eq. (40). In the following we assume 0 < cs ≤ Ω; the case cs > Ω, and thus cs > 1, is kinematically
forbidden. Replacing k1 using
k1 =
2p(Ω− cs)
1− c2s
, (120)
we obtain
Γγ→γpi =
1
2p
1
4pics(1− c2s)
∫ 1
cs
dΩ 〈|iA |2〉 . (121)
Let us now compute 〈|iA |2〉. This is given by
〈|iA |2〉 = 1
2
∑
σ=±
∑
σ2=±
|iA |2 , (122)
where the tree-level amplitude reads
iA = − 2
Λ2γγpi
EpEk1Ek2 
? σ
ij (p)
σ2
ij (k2) . (123)
21
Using this expression, eq. (25) and the transversality condition, after some straightforward algebra we
find
〈|iA |2〉 = 2
Λ4γγpi
(cs p k1k2)
2
[
3 + 6
(k2 · p)2
k22p
2
+
(k2 · p)4
k42p
4
]
. (124)
After we replace this result in (121) and perform the integral over dΩ we find
Γγ→γpi =
p5
32piΛ4γγpi
F(cs) , (125)
where
F(cs) ≡ − 1
c10s
(1− c2s)3(5− c2s)(tanh−1 cs + 1) +
1
c10s (1 + cs)
5
[
5 + 30cs + 59c
2
s +
17c3s
3
− 416c
4
s
3
− 509c
5
s
3
+22c6s +
6458c7s
35
+
2329c8s
21
− 10496c
9
s
315
− 3791c
10
s
63
+
3743c11s
105
− 3782c
12
s
63
+
3263c13s
63
]
. (126)
The function F(cs) vanishes for cs = 0 and reaches its maximum value F(cmaxs ) ≈ 3.50 at cmaxs ≈ 0.19.
Additionally, F(1) = 4/3.
Applying this result to LIGO/Virgo energies, p ∼ Λ3, and requiring that the decay is slower than
a Hubble time one gets (
Λ3
Λ2
)2( Λ2
Λγγpi
)4 F(cs)
32pi
∼ 10−20
(
Λ2
Λγγpi
)4
. 1 . (127)
Since (
Λ2
Λγγpi
)4
=
α2H
4α
, (128)
the constraint on αH, and thus on m˜
2
4, is rather weak.
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